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Abstract 

We investigate the decoupling properties of the Higgs-sector-induced one-loop corrections in 
the lightest Higgs-boson self-couplings, in the framework of the Minimal Supersymmetric 
Standard Model (MSSM). The renormalized n-point vertex functions with external Higgs 
particles in the MSSM and in the SM are derived to the one-loop level and compared in 
the Mao 3> Mz limit. The computation has been done in a general gauge and the 
on-shell renormalization scheme is chosen. By a comparison of the renormalized lightest 
Higgs-boson h° vertex functions with respect to the corresponding SM ones, we find that 
the differences between the predictions of both models are summarized in the lightest Higgs- 
boson mass correction AM h o. Consequently, the radiative corrections are absorbed in the 
Higgs-boson mass, and the trilinear and quartic h° self-couplings acquire the same structure 
as the couplings of the SM Higgs-boson. Therefore, decoupling of the heavy MSSM Higgs 
bosons occurs and the MSSM h° self-interactions converge to the SM ones in the M40 S> Mz 
limit. 
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1 Introduction 



The expectations of the discovery of at least one light Higgs particle at the next generation of 
high-energy colliders have greatly increased in recent years after the valuable data taken at 
the CERN e+e~ Collider LEP and Fermilab Tevatron 0. The Standard Model (SM) Higgs- 
boson mass Mh sm is now constrained by the worldwide electroweak data to be Mh sm < 195 
GeV and by the direct search performed at the LEP II machine to be M# gM > 114.1 GeV, 
both at 95% C.L. In the Minimal Supersymmetric Standard Model (MSSM), on the other 
hand, the mass of the lightest neutral Higgs particle, M h o, is predicted to be bounded from 
above by M h o < 135 GeV and the direct searches at LEP give a 95% C.L. exclusion limit of 
M h o > 91 GeV. This remarkable shrinkage of the allowed mass range of these Higgs particles 
has enhanced even more the expectations for their discovery at the forthcoming CERN Large 
Hadron Collider (LHC) and the next runs of the Fermilab Tevatron. 

Assuming the hypothetical discovery of one of these two light Higgs particles in the next 
generation of colliders, the next challenge will be to measure its mass and couplings to 
all known particles, including its couplings to SM fermions and SM gauge bosons, as well 
as the Higgs-particle self-couplings themselves. The measurement of these parameters can 
serve to unravel the supersymmetric (SUSY) or non-supersymmetric origin of this Higgs 
particle, and, more specifically, to distinguish if this is the SM, Hsu, or the MSSM, h°. 
Particularly relevant will be the measurement of the Higgs boson self-couplings in order 
to establish the Higgs mechanism experimentally. The reconstruction of the needed self- 
interaction potential requires a knowledge of both the trilinear and quartic self-couplings 
of the Higgs boson. Since the predictions of these self-couplings are different in the SM 
and in the MSSM, their experimental measurement could provide not just an essential way 
to determine the mechanism for generating the masses of the fundamental particles but 
also an indirect way to test supersymmetry. In the SM, at the tree level, the Higgs boson 
self-couplings are uniquely determined by the Higgs boson mass M HsM and the vacuum 
expectation value of the Higgs boson field v, or equivalently the W boson mass M w and 
the SU(2)l gauge coupling g, since v = 2Mw/g- More specifically, Xhhh = 3M| SM / V an d 
^hhhh = Mfj SM /v 2 . In contrast, in the MSSM 0, the tree-level trilinear and quartic 
h° couplings are determined by the SU(2)i gauge coupling g, the weak angle 9w, the Z 
boson mass M z , the ratio of the two Higgs-boson vacuum expectation values, tan (3 = v%/v\, 
and the CP-odd Higgs-boson mass M A o, that is, \° hhh = 3 (gM z /2c w ) cos2asin(/5 + a) and 
Xhhhh = 3 (9 2 /^ c w) c °s 2 2« , with the mixing angle a and M h o being derived quantities from 
(3 , M^o, and Mz- For arbitrary values of the MSSM Higgs-sector input parameters tan (3 and 
Map , the values of these self-couplings are clearly different from those of their corresponding 
trilinear and quartic SM couplings. However, the situation changes in the large pseudoscalar- 
mass limit M^o 3> Mz, yielding a particular spectrum with heavy H° , H , A Higgs bosons 
having similar masses M^o ^ M H ± ±2 M H o, and a light h° boson having a tree-level mass of 
M/jO ^2 M z \ cos2/?|. This Mao ^> Mz limit is referred to in the literature (and in the present 
work from now on) as the decoupling limit of the MSSM Higgs sector 0, because the h° tree- 
level interactions with the SM fermions and SM gauge bosons resemble the corresponding 
SM Higgs boson interactions. Furthermore, in this large pseudoscalar-mass limit, which also 
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implies a — > {3 — ir/2, the h° self-couplings approach, respectively, X° hhh — 3g /2 Mw M^ , 
and Xhhhh — 3 g 2 /4:My V M% and, therefore, they converge as well to their respective SM 
Higgs boson self- couplings if Mh sm is taken to be equal to M h o. We can therefore conclude 
that, at the tree level, there is decoupling of the heavy MSSM Higgs sector and by studying 
the light Higgs boson self-interactions it will be very difficult to unravel its SUSY origin. 

In this paper we are concerned with the behaviour of the self-interactions of the lightest 
MSSM Higgs boson beyond the tree level, where important radiative corrections from various 
sectors are expected P,|5],j6l,|?|,|^,j9],|l0||. In particular, the one-loop corrections from the quark 
and squark sectors are known to be large, specially in the low tan (3 and M40 region where 
they can amount up to 5% even for heavy squarks in the TeV region 0. We focus here 
on the one-loop radiative corrections to the h° self-couplings from the MSSM Higgs sector 
itself, and study the decoupling behaviour of these corrections in the limit where H° , H^, 
and A become quasi- degenerate and very heavy as compared to the electroweak scale, 
while h° remains light, M h o < 135 GeV. We address the question above about the possible 
convergence or divergence of these self-couplings to the SM ones and draw conclusions about 
the important issue of the possibility of discerning between h° and Hsm in the decoupling 
limit through the study of their self-interactions. 

From the more formal point of view of the effective field theory, such study corresponds to 
determining the low-energy effective action describing the h self-interactions that is obtained 
after integration of the heavy Higgs-boson fields, H° , H , and A , and to concluding if these 
effective h° self- interactions, which are valid at low energies E -C M40, are the same or not 
as the SM ones. In fact, whenever a symmetry is present in a fundamental theory and one 
is interested in having this symmetry also in low-energy effective theory, the particles to be 
integrated must satisfy a complete representation of that symmetry. In our case, the MSSM 
plays the role of the fundamental theory and it is SU(2) lxU (l)y gauge invariant. Therefore, 
the SM, which is also gauge invariant, could be obtained in principle as an effective theory 
from the MSSM only if one integrates both of the Higgs MSSM doublets which include 
if , H^, A , the Goldstone bosons, and the h° itself, and not only the heavy modes. This 
is why we consider here the integration of all the MSSM Higgs-boson modes. 

The computation of the low-energy h° self-interactions can be performed in two ways: 
either by integrating out the Higgs-boson fields in the path integral formalism [11, [12], or 



by standard Feynman-diagrammatic methods. We will choose this second method here and 
proceed as follows. We evaluate the one-particle irreducible (1PI) Green functions with 
external h° particles to one-loop level and then we evaluate the corresponding renormalized 
1PI Green functions by fixing the on-shell renormalization scheme. We will concentrate on 
studying the behaviour of these renormalized vertex functions in the decoupling limit where 
H° , H ± and A are much heavier than Z, while both the h° mass M/jO and the momenta of 
the external h° particles remain at some low-energy scale below M^o. This will give us the 
values of the low-energy h° self-couplings that we are looking for. In order to address the 
comparison with the Hsm self-couplings we follow the so-called matching procedure [13| in 
which the quantities to be compared are the renormalized 1PI Green functions of the two 
theories. More concretely, we compare here the renormalized h° 1PI Green functions, in 
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the previously mentioned decoupling limit, and the corresponding SM renormalized i/sM 1PI 
functions at the one-loop level, and we find that they are indeed equal for all the studied n- 
point functions (n = 1, 4). In particular, the n = 3, 4 cases show explicitly the convergence 
of the MSSM h° self-couplings to the H$m self-couplings at the one-loop level that we are 
looking for. We also show that all the one-loop effects from the heavy Higgs-boson modes 
H° , H ± , and A in the low -energy h° self-interactions either are absorbed into a redefinition 
of the low energy parameters (concretely, M h o), or else are suppressed by inverse powers of 
Mjsfi. Consequently, and following the lines of the Appelquist-Carazzone theorem [f[4j, we 
conclude that the heavy Higgs bosons H° , H ± , and A do decouple from the low-energy h° 
self-interactions, not just at the tree level but also at one-loop level. This indicates that it 
will therefore be very difficult, even with high-precision experiments, to distinguish an h° 
from the SM Higgs boson by studying their self-interactions, if the pseudoscalar boson mass 
turns out to be large. 

The paper is organized as follows: In section |2| we briefly present those aspects of the 
MSSM that we are interested in, fixing our notation. A discussion of the one-loop MSSM 
Higgs-sector contributions and the analytical results of these contributions to the h° self- 



interactions in the decoupling limit axe included in subsection 2.1. Subsection EO is devoted to 



the on-shell renormalization procedure, where the expressions for the n-point vertex function 
counterterms, in the M^o 3> Mz limit, and also the explicit asymptotic results for the 
renormalization constants are presented. Finally, in this subsection we give the renormalized 
vertex results in the decoupling limit. A discussion of the Higgs-boson self-couplings in the 
SM, by giving the one-loop H^m self-couplings corrections, the results for the renormalization 
constants by assuming the on-shell scheme, and finally the SM renormalized vertex functions, 
is presented in section [3]. A comparison of the results for the renormalized n-point functions 
in the two theories is examined and discussed in detail in section [|. Finally, the summary 
of our conclusions is presented at the end of this last section. 



2 MSSM Higgs sector 

The Higgs sector of the MSSM involves two scalar doublets H\ and H 2 , in order to give masses 
to up- and down-type fermions in a way consistent with supersymmetry. The two-doublet 
Higgs potential is given by 

V = m\H 1 H 1 + mlH 2 H 2 + m\ 2 (e ab HlHl + }i.c.) 

+ ^—ir- - #2# 2 ) 2 + 9 - |#i# 2 | 2 , (i) 

with the doublet fields Hi and H 2 , the soft SUSY-breaking terms mi,m 2 ,mi 2 , and the 
SU(2) L and U(1)y gauge couplings g,g'. 

After spontaneous symmetry breaking induced through the neutral components of Hi and 
H 2 with vacuum expectation values V\ and v 2 , respectively, the MSSM Higgs sector contains 
five physical states: two neutral CP-even scalars (h° and H°), one CP-odd pseudoscalar 
(^4°), and two charged Higgs-boson states (H^. All quartic coupling constants are related 
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to the electroweak gauge coupling constants, thus imposing various restrictions on the tree- 
level Higgs-boson masses, couplings, and mixing angles. In particular, all tree-level Higgs- 
boson parameters can be determined in terms of the mass M40 of the CP-odd Higgs boson 
[M\ = mf 2 (tan/3 + cot /?)], and the ratio of the two Higgs-boson vacuum expectation values, 
tan/3 = V2/V1. The other masses and the mixing angle a for the CP-even states (h°, H°) are 
then fixed, and the trilinear and quartic self-couplings of the physical Higgs particles can be 
predicted. 

Our main interest is in the light h° self couplings, at the tree-level given by 
g]\dz g 2 

x hhh = 3 - cos 2a ^(P + a ) > x °hhhh = 3 -or cos2 2a ■ ( 2 ) 

In general, they are different from the tree-level couplings of the SM Higgs boson [see 
eq. ( |32"D of section [J. However, the situation changes in the decoupling limit of the Higgs 
sector [£|, which implies a particular spectrum with very heavy and quasi degenerate H°, 
H ± , and A Higgs bosons, obeying 



t 2 H± ~ M% 



1 + ^ 



I 2 H o ~ M% 



1 + (1 - cos 2 2/5) * 



(3) 



and a light h° boson, close to the electroweak scale, with a tree-level mass of 

M* r ee ~ M z \ cos 2P\. (4) 
This limit also implies a — > (3 — tt/2, and thus the tree-level self couplings @ tend toward 



,2 



Consequently, the tree-level couplings of the light CP-even Higgs boson approach the cou- 
plings (|32l ) of a SM Higgs boson with the same mass in the decoupling limit. 

However, there are large radiative corrections contributing to the h° self-couplings. The 
0{mf) top-quark and top-squark contributions were presented recently in 0, with a discu- 
ssion of decoupling of heavy top-squark particles in the one-loop contributions. Now we will 
investigate the one-loop contributions to the h° self-couplings originating from the MSSM 
Higgs sector itself. Thereby, in principle, all kinds of diagrams involving gauge bosons, 
Goldstone bosons, light and heavy Higgs bosons, have to be taken into account. Some 
simplifications can be made, however, when one studies the deviations of the MSSM h° self 
couplings from the corresponding SM ones. 

(i) The subset of diagrams with only gauge bosons flowing in the loops and the subset of 
diagrams with both gauge and Goldstone bosons give the same contributions to the h° vertex 
functions as to the Hsu vertex functions, which we have checked by explicit computation. 
The only differences come from the extra sin(/3 — a) factors appearing in the h° case, but 
these factors tend to 1 in the decoupling limit. Therefore, this kind of diagrams do not 
contribute to the differences between h° and H$m in the decoupling limit, Mj*p ^> Mz, and 
do not need to be considered in our analysis. 
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(ii) The contributions from loop diagrams with heavy Higgs bosons (H° , if ± , A ) to- 
gether with gauge bosons always go with factors cos(/3 — a) and, therefore, they vanish in 
the large M^o limit. We have also checked this explicitly. We thus need not consider these 
diagrams here either. 

(iii) Diagrams involving loops with MSSM heavy Higgs bosons together with Goldstone 
bosons or the lightest Higgs boson do not appear in the SM. Contrary to the previous case, 
the vertices in these Feynman diagrams are not proportional to cos(/5 — a) and they do not 
vanish in the decoupling limit. These diagrams must therefore be included explicitly in our 
computation. Moreover, the purely MSSM heavy Higgs-boson one-loop contributions are 
obviously an exclusive property of the MSSM and thus they have to be taken into account 
as well. In addition, there are contributions from diagrams involving just Goldstone bosons 
and the lightest Higgs boson in the loops. A priori, they do not look the same in both 
models. However, as we will see in course of the discussion, they converge to the SM ones 



in the M^o 3> Mz limit (see sections |2.1| and g). 

For a transparent discussion, we present the details of the computation in the following 
subsections. First, we will give the one-loop results for the unrenormalized vertex functions of 
the lightest Higgs boson h°, by considering the limit M^o 3> Mz in the MSSM Higgs sector. 
Then, we give a discussion of the on-shell renormalization scheme for the MSSM Higgs bosons 
and list the expressions for the h° vertex function counterterms and the explicit results for 
the renormalization constants in the large M^o limit (section [2.2|) . Finally, the renormalized 
vertex results are given at the end of section [2.2|. 



2.1 Higgs boson self-couplings in the large M40 limit 

From now on, the general results for the n-point (n = 1, ...,4) renormalized vertex functions 
will be summarized by the generic expression 

r f H = r^ H + Ar w H = rt ] H + at + sr™ , (6) 

where the subscript R denotes renormalized functions, the subscript refers to the tree- 
level functions, the one-loop contributions are summarized in Ar jy , and 5T represent the 
counterterm contributions. The sum of these two last contributions is denoted by AI^^-. 
Here H refers to the external Higgs-boson particle, which corresponds to the lightest CP- 
even Higgs boson H = h° in the MSSM and to the SM Higgs boson H = Hsm in the SM 
case. The tree- level functions in the MSSM, \ , for n = 3 and n = 4 , are the trilinear and 

quartic h° Higgs self-couplings, already given in (|2|), and r^ = M%o ree ). Obviously, 

r (i) _ 

OH U " 

We will present in this subsection the results for the one-loop contributions Ar / ^o' ) that 
come from the diagrams shown generically in Fig. [I]. The computation has been performed 



by the diagrammatic method utilizing FeynArts 3 and FormCalc [fl5 |, and the results are 



expressed in terms of the standard one- loop integrals [IB]. We have made the computation 
in a general gauge and we have used dimensional regularization to compute the one-loop 
integrals. Some details of how to compute the integrals in the large mass limit M^o 3> Mz 
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Figure 1: Generic one-loop diagrams contributing to the vertex functions of the Higgs 
boson. Here = h° (0 = H S m) in the MSSM (SM) case and correspondingly S = 
h°,G°,G ± ,H°,H ± , A (S = H SM , G° , G±) . 



can be seen in ||11|| . In the decoupling limit, the heavy Higgs-boson masses have similar size, 
up to terms of O(M|/M^ ) [see eq. (§)], and correspondingly the a angle expansion leads 
to O(M 2 z /M 2 A0 ) terms, such that 

M 2 

sin(/? - a) ~ 1 , cos(/3 - a) ~ Tjf"^/? C 2/3 , 

/ M 2 \ ( M 2 

sin(/3 + a) ~ -C 2/3 ^1 - -^f J , cos(/3 + a) ~ S 2/3 M + -^f C 2 p 

/ M 2 \ ( M 2 \ 

sin 2a ~ -S 2/3 ^1 + 2^f- C^J , cos 2a ~ -C^ ^1 - 2^5^ . (7) 

Here, and throughout this paper, C 2( g = cos 2(5 and S2/3 = sin 2(5. 

Finally, with the explicit results for the one-loop integrals, we obtain the contributions 
to the n-point functions. For a later comparison with the SM, it is convenient to split the 
results according to 

AT«? = Ar^ lisht + AF^ mixed + AF^ heavy , (8) 
where Ar^ g refers to one-loop diagrams with Goldstone bosons (G°, and the lightest 



Higgs boson h°, AT^J refers to the one-loop diagrams involving heavy Higgs particles 



mixed 
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(H° , if ± , A ) together with the h° boson or Goldstone bosons flowing in the loops, and, 

i n \ heavy 

finally, Ar^ refers to the diagrams with MSSM purely heavy Higgs contributions (only 
H° , H ± , and A in the one- loop diagrams) . 

We first list the light one-loop vertex terms. Note that for our study both the momenta 
of the external h° lines and the masses of h°, Z , W ± are quantities to be considered at the 
low-energy scales below M^o. The corresponding subset of diagrams is depicted generically 
in Fig. |I] for the MSSM case by setting = h° and S = h° ,G° ,G ± . The contributions 
from the first 3-point diagram and from the last two 4-point diagrams are UV- finite. The 
residual diagrams give both a finite contribution and a divergent part. Expressed in terms 

. h __ (-^-j light 

of the scalar one-loop integrals JL6[ in the convention of |17| , we have, for Ar^ in the 



large Ma limit, 

Ar ^ USht = °W ^ 3A °^ + A ^ M ^ + 2A (£M 2 W ) } , 



Arg )ligM = C % { 3A (M 2 hO ) + MZMz) + ZMZM^) 

+ M 2 Z C% [9B (q 2 , M 2 , M 2 ,) + B (q 2 , £M 2 , £Mf) + 2B (q 2 , £M^, ^) } } 



,3 



Ar ^° )llSht = 256^ MzC wi [^Mq^M 2 ,M 2 hi) ) + B (q 2 ^M 2 z ^M 2 z ) + 2B (q 2 ^M^^M^) 

+ (q^p) + (q->r)] 
+ 2M 2 Z C% [27C (q 2 , P 2 ,r 2 ,M 2 hO ,M 2 hO ,M 2 h0 ) + C (q^p^r 2 ^M 2 z ^M 2 z ^M 2 z ) 
+ 2C (q 2 ,p 2 ,r 2 ,ZMf v ,ZMf v ,ZMf v )}}, 



Ar io llSht = FT^T C W { [9So((g + P) 2 , M 2 h0 ,M 2 h0 ) + B ((q + p) 2 , £M 2 , £M 2 



4 

5127r" 2 ct 

+ B,{{q + p) 2 ^M 2 Wl iM 2 w )+{p^r) + {p^t)} 
+ 2M 2 Z C% [27C (q 2 ,p 2 ,(q + p) 2 ,M 2 h0 ,M 2 h0 ,M^) 

+ C (q 2 , p 2 , (q + p) 2 , £Mf, £Mf, £M 2 ) + 2C (q 2 , p 2 , (q + p) 2 , £M^, £M*y, ^M 2 W ) 
+ (p — > r) + (p — > t) + (q — > t, p — ► r) + (q — > p, p — > r) + (q — ► p, p — > t)] 

+ 2MlC 2 4 ^ [81 J D (g 2 ,p 2 ,r 2 ,t 2 ,(g + p) 2 ,(p + r) 2 ,M h 2 o,M h 2 o,M, 2 o,M, 2 ) 

+ D (g 2 , P 2 , r 2 , t 2 , (g + p) 2 , (p + r) 2 , £M§, £Mf, £M§, £Mf ) 

+ 2 J D (g 2 , p 2 , r 2 , t 2 , (g + p) 2 , (p + r) 2 , OAl- £M^, ^M 2 W ) 

+ (r «-> t) + (p <-> r)]} . (9) 

Here q ,p ,r , and t denote the external momenta, £ is the gauge parameter, and c w = 
cos 6w Notice that these contributions are £-gauge dependent. In addition, since they 
show an explicit dependence on j3, they are different from the SM ones for arbitrary tan f3 
values. However, as we will see explicitly in section H [see eq. fl33|)1, they converge to the 
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SM ones in the M40 3> Mz limit. Thus, by identifying the light CP-even Higgs boson mass 
j^tree ^ M^C^I with the SM Higgs mass Mj^ e , the contributions @ acquire the structure 
of the unrenormalized SM one-loop vertex functions (|33|). Therefore, we conclude that the 
contributions involving only Goldstone bosons and the lightest Higgs boson in the loops 
are the same in both models in the M^o 3> Mz limit. This is equivalent to stating that 
the difference between the one-loop unrenormalized n-point functions of the two theories in 
the decoupling limit originates only from diagrams including at least one heavy MSSM Higgs 



t n \ heavy (n) r 

particle. These contributions correspond to Ar^ and AIi„ , which read as follows: 



v mixed 



h° 



Ap(i) 
AAi h° 



heavy 



gM z 
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A e + 1 - log 
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2/3 c wi 



A € - log 



mo 



{2) heavy 
^ L h° 



64tt 2 4 



l + 2c 
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) A e + 1 - log 
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A e - log 



Mo 



Ar (2) 



mixed 
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Obviously, Ar$ 



(10) 



(11) 



(12) 



(13) 



0. Here (Iq denotes the scale of dimensional regularization and 
the singular A t term is defined, as usual, by 

2 



A, 



7 £ + log(4vr) 



4- D. 



(14) 



Terms that are suppressed by inverse powers of the heavy mass M^o and thus vanish in 
the decoupling limit are dropped in the expressions given above. Contrary to the one-loop 
contributions from diagrams with Goldstone bosons and the lightest h° Higgs particle (|9|), 
the above h° vertex function contributions are £-gauge independent. The Peynman diagrams 

, \ heavy 

contributing to the one-loop MSSM heavy Higgs-boson sector part, Ar^ ; [n = 1, ...,4), 
appearing in eqs. (0)-(0) can be extracted from Pig. [I] by choosing <fi = h° and S = 
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H° , H , A . The contributions from the first diagram in the 3-point function and from 
the last two diagrams in the 4-point function are finite and vanish in the M^o 3> Mz 
limit. The remaining diagrams are UV-divergent and contain a logarithmic dependence on 
the heavy pseudoscalar mass M^o and, for n = 1,2, a quadratic dependence on M40 as 
well. In contrast, the mixed diagrams do not give M\ terms, but they are logarithmically 
dependent on M^o. The corresponding specific Feynman diagrams are obtained from Fig. [I 
by taking <p = h° and accordingly to the light and heavy particles that can be flowing in 
the loops, S = h° ,G° , , H° , H ± , A . More specifically, the mixed diagrams that give 
contributions different from zero in the decoupling limit correspond to the third, fifth, and 
sixth diagrams in Fig. |, with h° and H° (S = h° , H°), G° and A (S = G° , A ), and G ± 
and if 1 * 1 (S 1 = G^ , ), in the two internal propagators of the loops. 

Let us remark that, in these results for the unrenormalized vertex functions, all the 
potential non-decoupling effects of the heavy Higgs MSSM particles manifest as some diver- 
gent contributions in D = 4 and some finite contributions, one of which is logarithmically 
dependent on the heavy pseudoscalar Higgs-boson mass M^o and the other one is quadrati- 
cally dependent on M40. Obviously, all the results displayed up to now are, in general, 
UV-divergent. In order to get finite 1PI Green functions and finite predictions for physical 
observables, renormalization has to be performed by adding appropriate counterterms. This 
is the subject of the next subsection. 



2.2 Renormalization in the MSSM. 



For a systematic one-loop computation, the free parameters of the Higgs potential mf, m?,, Tn\ 2 , 
g, g' and the two vacua V\, v 2 are replaced by the corresponding renormalized parameters 
plus counterterms. This transforms the potential V into V + 5V, where V is expressed in 
terms of the renormalized parameters, and 5V is the counterterm potential. By using the 
standard renormalization procedure ]T9"|.|r5[ 



m 



7 -l/2 ,7-1/2 



12 



W yW-3/2 



9, 9 



(m? 2 + 5m\ 2 ) , 

z?zt 3/2 g' 



(15) 



with Higgs-field renormalization constants 5Zh., and by using the minimum condition on 
the potential at tree level, we obtain the counterterms for the n-point (n = 1, ...,4) vertex 
functions. The results in the decoupling limit are: 



6T {1) 
01 h° 



+ 



C 2 p v 2 (sin 2 (3 6Z H2 - cos 2 (3 6Z Hl ) - v 6M 



gMz 

2c w 

\^Cl p 8v-\v*Cl p 8G* 



+ C2/3 S2/3 



Mf 



9 1 



16c 2 



■S 2p v 3 (5Z H2 (2C 2/3 - 1) + 6Z Hl (2C 2/3 + 1)) 



- v5C 2 12 - 



4 c 2 



C 2 pS w v 2 5v + -v z C w S w 5G 2 



9 



01 h° 



= q 



M 2 



+ 
+ 



3 
4 

9 2 



(sin 2 (3 SZ H2 + cos 2 (3 8Z Hl ) + — f C 2fi S% (5Z H2 - 8Z Hl ) 

M A° 

C w v 2 4- (sin 2 /3 <5^ 2 - cos 2 (3 5Z Hl ) - \ 5M 2 2 



Chv5v-—CL5G 



,2 ^2/3 



+ r 9 M| 

35 



2 ~ 2/ ' 
3^ 2 



8c 2 



S 2/3 t; 2 (5Zh 2 (2C 2/3 - 1) + 5Z Hl (2C 2 p + 1)) 



2 5Cf 2 - C 2f3 S 2f3 v5v + -v 2 C w S 2f} SG 2 



01 fcO 



4 
9 



2/3 



2v^- (sin 2 (3 5Z H2 - cos 2 (3 5Z Hl ) + ^-C 2 p8v-v C w 5G 2 



Mj 

2 

A" 



4c 2 



-S 2/3 *; (5Z if2 (2C 2/3 -l)+^ 1 (2C 2 ^ + l)) 



3 Z 



C2/3 5*2/3^ + V C 2 /3 S 2/ 3 SG 2 



5T {4) - 

01 ho - 



3 r 



2^- (sin 2 /3<5^ 2 - cos 2 /?^) - C^G 2 



, 9 M 2 

+ 4 62/3 62/3 mj: 



4c 2 



-£2/3 (5Z H2 (2C 2 /3 - 1) + 5Z Hl (2C 2 j3 + 1)) + C 2 pS 2 p5G z 



(16) 



Here all O(M|/M^ ) contributions are still explicitly included. We have introduced the 
abbreviations 

SG 2 = 5g 2 + 5g' 2 = g 2 (2 5Z? - 3 5Z?) - g' 2 5Z 2 B , 
5M 2 2 = cos 2 (3 5m\ + sin 2 (3 5m 2 , + S 2 p 5m\ 2 , 
v 5v = Vi5v 1 + v 2 5v 2 with v 2 = v 2 + v\ , 



5C 2 2 = C 2 p5m\ 2 H — ^-{5m\ — 5m\) 



(17) 



Correspondingly, the tadpole counterterm for the H° Higgs boson, ST H l, and the coun- 

(2) 

terterm for the pseudoscalar two-point function, 5T A o, which are necessary for the MSSM 
on-shell renormalization, are given, in the decoupling limit, by 

gM z 



5T 



(i) 

H° 



8c v 



S 2( 3 v 2 [(-l + C w ) 5Z H2 + (1 + C w ) 5Z Hl 



ig 2 



— C 2 n S\ 



Ac 2 
Ml 



- <' SCf 2 + - A ^v 2 C w S w 5v-\v 3 C w S w 5G 2 

o 



Ac 2 



[1 - 2C 2 /3 ) v 3 (sin 2 (3 5Z H2 - cos 2 (3 5Z Hl ) 
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+ 



5 p(2) 



+ 



v 5M 2 2 - 



VC^G 2 



18) 



g 2 (sin 2 ft 5Z Hl + cos 2 /3 SZ H2 ) — — (sin 2 /3 5m\ + cos 2 /3 5m 2 , — sin 2(3 5m 2 2 ) 



8 c?/ 62/3 



„2 



<5G 2 + 5Z Hl + 5Zh 2 



4) 



(19) 



We note that no O(M^ ) contributions to the renormalization constants 5G 2 , Sv, and 



(z = 1, 2) exist. Therefore, terms of the type 0(-j^f- 



■5G 2 , 0{§- 



A° 



■8v or 0(^f- 



■8Z 



Hi 



in ( |TE| ) and ([T^) can be safely neglected. 

In the on-shell scheme, the counterterms are fixed by imposing the following renormal- 



ization conditions [18,21 



- the on-shell conditions for M^z and the electric charge e, as in the SM; 

- the on-shell condition for the A boson with the pole mass Ma', 

- the tadpole conditions for vanishing renormalized tadpoles for both the H° and h° Higgs 
fields, i.e. the sum of the one-loop tadpole diagrams for H°, h° and the corresponding tadpole 
counterterms is equal to zero; and, 

- the renormalization of tan/3 in such a way that the relation tan/? = Vijv\ is valid for the 
true one-loop Higgs minima. 

Notice that the above condition for vanishing renormalized tadpole diagrams ensures that 
t>i,t>2 determine the minimum of the one-loop potential. The relation tan/3 = Vijv\ in terms 
of the "true vacua" is maintained by the condition 5v\/vi = bv<ijv<i- By the above set of 
conditions, the input for the MSSM Higgs sector is fixed by the A pole mass Ma and tan ft, 
together with the standard gauge-sector input My/,z and e. 

In order to compute the renormalization constants SZh x , 8Zh 2 , 8G 2 , and 5v , we express 
them in terms of the vector boson self-energies, the /l -boson self-energy, and the A°Z non- 
diagonal self-energy 



SZ Hl = 


-E' AO (Mio)- 


SZ H2 = 


-S^ (M 2 o) + 


6G 2 = 


9 2 
c 2 


£>) - 2 


2 6v = 

V 


-S^ (Mio) + 



S A o z (Mlo), 



E A oz{Mao) 



cot ft 
tan/3 

~m7 



s w S 7Z (0) _ 
c w M 2 
tan (3 — cot ft 



c 2 - s 2 



^z{M 2 ) 
Mf 



+ sro)-2: 



J 7Z 



M z 
(0) 



c w ^ 



Y, A "z{M A o 

Z(M; 



M 2 W 



M\ 



+ 



r 2 - <? 2 Y 



W 



(M 2 W ) 



M 2 W 



(20) 



Partial results for the one-loop contributions to the vector boson self-energies can be 

We have 



extracted from the last article in Ref. 11 or from the first article in Ref. 18 



recalculated explicitly all the self-energies that appear in (|20|) , and we have checked that our 
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results agree with previous ones in the literature. Here we do not present the intermediate 
results, but list only the final expressions for the counterterms. 

First, we found that SZ Hl 2 get contributions that are suppressed by inverse powers of the 
heavy mass M40. However, such terms of order O (Mf/M^ ) to 5Zh 1 2 are relevant in order 
to implement consistently the A°-boson on-shell condition AT^l(M^ ) + <5r^d(M^ ) = 0. 
Their expressions are given explicitly in the Appendix A. 

The various contributions to 5v and 5G 2 are split again into "light" and "heavy". The 
light ones originate from diagrams involving Goldstone bosons and the lightest h° Higgs 
boson in the loops, 

-2(1 - c 2 w - Ac A w + 4c 6 w ) A (£M^) + ^Mf 44 B (0, £M^, £M^) 

+44 [(1 - 24) 2 B 22 (Ml £M^, ^M 2 W ) + B 22 {M 2 Z , M 2 , £M 2 Z ) 

+ (1 - 24) [B 22 {M 2 W , M 2 , iM 2 w ) + B 22 {M 2 W , £Mf, ^M 2 W ))] } , (21) 



^ 21ight = - - / 2 2 — , {24(1 - 34 + 24) MiM 2 
-h 2 w s A w M 2 z B (0^M^^M^) 

-(1 - 24) [B 22 (M 2 W , M 2 h0 ^M 2 w ) - B 22 (M 2 Z , M 2 , £M 2 , 
+ B 22 {M 2 w ,iM 2 z ,iM 2 w ) - (1 -24) 2 B 22 {MliM 2 w ^M 2 w )]} . (22) 

"Mixed" contributions from diagrams that contain a heavy Higgs-boson together with 
a Goldstone boson or the light h° in the loops do not contribute to either of these two 
renormalization constants. Such diagrams are suppressed by the factor cos(/3 — a) and 
therefore they vanish in the decoupling limit. Purely heavy Higgs-boson contributions to 
5v are of order O (M|/M^ ~) in the M^o 3> M z limit, and therefore they also vanish. In 
contrast, for SG 2 we get a non-vanishing contribution, 

^""• , -96f^( 1 + 2 ^- 2c »)( A -- l0g 7f)- <23> 

The only remaining parameters in (^) still to be fixed are the mass counterterms 
Sm1,Sm 2 , and <5m 2 2 . Their expressions are derived from the conditions for H° and h° 
vanishing renormalized tadpole diagrams and from the on-shell condition for the A boson. 
The explicit results for these mass counterterms are given in ( A.4 )-( [A~^ ) of the Appendix A. 



For completeness, the H° tadpole and the A self-energy one-loop results are also presented 
at the beginning of the Appendix A. Then, by implementing all the renormalization con- 
stants in (|T6|), we obtain the vertex function counterterms, separated into light, mixed and 
heavy contributions in the M^o 3> M z limit. The one-point counterterm has already been 
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used for the determination of the basic renormalization constants and is not required for the 
further discussion; we thus do not list it here: 



128tt 2 4 

+8B 22 (M 2 Z , M 2 h0 , iM\) + 8(1 - 2c 2 w ) 2 B 22 (M 2 z , CM*-. £M*,) } , 



5Tji )liSht = -tt^-t C\, { A (M 2 h0 ) - A (^M 2 Z ) - (2 - 164 + 16c 4 w )A ^M 2 w ) 



+ ^(2 - 184 + 404 - 24c 6 w )A (CM^) 

s w 

+ ^c 2 w s 2 w M 2 B (0, iM^) + 4^(34 - 2)B 22 (M 2 , M 2 , £M 2 ) 

+4(1 - 24)i- l B ™{M 2 w , M 2 h0 ^M 2 w ) + B 22 {M 2 w ,iM 2 z ,iM 2 w ) 

4 

+ (l-2c 2 w )(3c 2 w -2)B 22 (M 2 z ^M^^M^)]} , 

^ )USht = 2^^^^- 8 | (1 - 34 + 24)A0( ^ ) 
+^44Mf5 (0, £M^,£M^) 

+4(1 - 24)i- [B 22 (Ml,M 2 h0 ^Ml) + B 22 (M^^M 2 Z ,^) 

s w 

-B 22 {MlM 2 h0 ^M 2 z ) - (1 -2c 2 w fB 22 {M 2 z ,iM 2 w ,iM 2 w )\] , (24) 

/n\ mixed /o\ mixed ( & \ mixed 

5T$ = 0, 6T$ = 0, 5F$ = 0, (25) 



(2) heavy 
01 ho 



5T 



( 3 ) heavy 



h° 



ST 



(4) heavy 



h° 



9* 



64tt 2 c 2 



M 2 o(l + 24-3C 



2/3) 



A e + l-log^f 
Mo 



+M 2 



9 Cf^ + - (6 - 45 C$ p + 124 + 43 C% - 14 C 2 ^ 4 



+ 8C* 9 4)(A e -lo 8 



Mo 



^ C & (1 + 24 - 24) (A e - log 



Mo 



128tt 2 ( 



^,(1 + 24-24) A e -log 



Mo 



(26) 



The heavy contributions contain, in addition to the singular A € part, finite logarithmic heavy 
mass terms, and for the two-point function quadratic heavy-mass terms also. 
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The renormalized vertex functions in the M^o ^> Mz limit can now be obtained simply 
by adding the one- loop contributions (§)-(|l3|) an d the counterterms ([24])- (|26|) . Since it is 
just an algebraic substitution, we do not present these results explicitly here. However, some 
comments are in order. First, the quadratic heavy mass terms, O(M^ ), in the two-point 
result cancel once we add the one-loop result in ([11]) and the counterterm (|26|). Thus, there 
are no O(M\ ) terms left in any of the renormalized n-point functions in the large M^o limit, 
but still the logarithmic dependence on M^o remains. Second, the renormalized ho Higgs- 
boson self-energy evaluated at the physical mass M h o allows us to define the MSSM Higgs- 
boson mass correction AM h 2 „ such that M% = M^ ree + AM% and AM 2 = AT^\ (M^ ). 
Evaluating the renormalized h° two-point function at q 2 = M^ , we get the following one-loop 
mass correction for the light Higgs boson: 

a 2 

AM; = \ 2 Mf ( # Iight + ^ mixcd + ^ heavy ) , (27) 

OZ7T C w 

with 

flight = ^ C h i 2A o(M 2 h0 ) + 4(1 - 2c 2 w ) 2 A {iM 2 w ) + 2A (£M 2 Z ) 
- 8B 22 (M 2 Z ,M 2 ,^M 2 Z ) - 8(1 - 2c 2 w ) 2 B 22 (M 2 z ,^^M^) 

+ M 2 Z C 2 W [9B (M 2 h0 , M 2 h0 , M 2 ) + B (M 2 h0 ^M 2 z , £M|) + 2B (M 2 h0 ,^, ^M 2 W ) ] } 
{ M 2 

^mixed = QC 2 20 S 2 2f3 A e + l-l0g^ 

^ heavy = (l + 3 + 2ct - y - A - C% c 2 w - \ C 2 , 4-) (A e - log ) . (28; 

This mass correction is still UV-divergent since we have not included the complete set of 
diagrams, restricting ourselves to the subset providing contributions that are different from 
those in the SM. We have checked explicitly that for cancellation of the divergences in the 
renormalized two-point function it is necessary to include the subset of one-loop diagrams 
accounting for the gauge-boson contributions. We have also checked that when the gauge- 
boson contributions are included the £— gauge dependence in the light one-loop renormalized 
2— point function disappears. By including all 1PI one- loop contributions, we have checked as 
well that our results are in agreement with the complete results for the radiative corrections 
to the Higgs-boson mass listed in the literature [^2],|23| . 



On the other hand, the contributions from one-loop diagrams with have at least one 
heavy Higgs particle (\l/ m ixed and \l/hcavy) contain, in addition to the singular A e term, some 
logarithmic heavy mass terms that appear like as non-decoupling effects of the heavy particles 
at the renormalized level of renormalized Green functions. These apparently non-decoupling 
effects, however, are not physically observable since they are absorbed into redefinitions of 
the low energy parameters, more specifically, in the redefinition of the h° mass, 

Ml, = M 2 h0 trEe + AM, 2 o , (29) 



with AM; given in (|^). 
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By taking into account this MSSM Higgs-boson-mass correction, we can express the 
renormalized vertex functions, in a generic way, as follows: 

r (2) f? 4- M 2tree 4- AM 2 4- \lA 2 ) rem 

_R h° - ~ ( 1 + M ft° + ^ M h0 + ^MSSM > 

r (3) _ 3g / , f 2 j_A/l/ 2 UiI; (3,rem 



MSSM ' 



r&o = ^(M ft 2 o te + AM ft 2 „) + C, (30) 

where all the singular A e terms and the logarithmic heavy mass terms are exclusively con- 
tained in AM 2 . Thus, the apparently non-decoupling terms are absorbed in the redefinition 

of the M h o Higgs-boson mass. The remainder terms, ^mssm' ^mssm > an d ^mssm 111 ( TO ) 
come exclusively from the light particle contributions and are finite. For instance, in the 
two-point function case we have 

*£& = Ar«(g 2 )-Ar«(j»iS,) 

with Ar^o given in eqs. (P) and (|Tl~|). For the interpretation of the remainder terms it is 



ho 

crucial to have also the corresponding one-loop analysis of the SM self-interactions, which 
is done in the next section. As a result, it can be verified that, in the large M^o 3> Mz 
limit and by identifying M$ ee ~ M 2 z C 2 p < — ► M%™ 2 , the remaining; terms coincide with the 
corresponding SM ones. 



3 Higgs boson self-couplings in the SM 

In the standard SU(2)l x U(l) theory, the introduction of one scalar field doublet with 
non-vanishing vacuum expectation value breaks the gauge symmetry spontaneously to the 
electromagnetic subgroup U(l). The SM Higgs potential 

n?)=-A*v?+£(pV) a , (3i) 

contains the complex Higgs doublet (p with hypercharge Y — 1, and the parameters A and 
\x related by the vacuum expectation value |(</3)o| 2 = v 2 /2 = fj J 2 /2X. 

In order to establish the Higgs mechanism experimentally, the characteristic self-interact- 
ion potential of the SM has to be reconstructed once the Higgs particle has been discovered. 
This task requires the measurement of the self-couplings of the SM Higgs boson. These self- 
couplings are uniquely determined by the mass of the Higgs boson, which is related to the 
quartic coupling A by Mh sm = V2Xv. By introducing the physical Higgs field H = H SM in 
the neutral component of the doublet, tp = (v + H)/\/2, the tree-level trilinear and quartic 
vertices of the Higgs field H can be derived from the potential V, yielding 

3 M 2 tree 3 M 2tree 3g 2 M 2 T tTee 3M 2 H tree 

*HHH — Q , , — , ^HHHH ~ TTJ2 ~ 9 ' ^ 6Z 

2M W V V 2 
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with g being the SU(2) L gauge coupling. 

We note once again that the MSSM tree-level self-couplings (j|) reach the corresponding 
SM couplings above in the decoupling limit. Here we derive the one-loop contributions to the 
Hsm 1PI Green functions, and in particular those that yield the effective triple and quartic 
self-couplings. Concretely, the generic diagrams from the Higgs sector contributing to the 
n-point SM vertex functions (n = 1, ...,4) are shown in Fig. [I] by choosing <p = Hsm and 
S = Hsm,G°,G ± - The general results for the n-point renormalized vertex functions are 
summarized by the generic expression (|6|). The tree-level functions for the SM case (H = 
H S m) and for n = 3,4 correspond to the expressions for the Hsm Higgs couplings already 
given in (|3"2"D, and the one- loop contributions are summarized in Arj^ M . The computation 

was done in a general gauge. The results for Arj^ , in terms of the 2, 3 and 4-point 
one-loop integrals, are given by 

A ^m = ^c~ w ^uf { 3A ^su) + MiM-) + 2A^M 2 W ) } , 

+ M 2 Hsm [9S (^M| SM ,M^ s J + S (^eMl,eMl) + 2So(^eM^eM^)]}, 
,(3) 9 3 M* Hsu 



= 256 ; 2c 3 w M T i [^{ q \Ml SM ,Ml SM ) + B (q 2 ^M 2 ^M 2 ) 
+2B (q 2 , ^M 2 ,, £M^) + ( q _> p ) + ( q _> r ) ] 
+ 2M 2 Hsm [27C (q 2 ,p 2 ,r 2 ,M 2 HsM ,M 2 HsM ,M 2 HsM ) + C (q 2 ,p 2 ,r 2 ^M 2 z ^M 2 z ^M 2 z ) 
+ 2Co(gV,r 2 ,£M^,£M^,£M^)]}, 

+ M? + P)^^^)+(P->r) + (p->t)] 

+ 2M k M [^C (q 2 ,p 2 ,(q + p) 2 ,M 2 HsM ,M 2 HsM ,M 2 HsM ) 

+ C (g 2 , p 2 , (q + p) 2 , £Mf , £Mf, £M*) + 2C (q 2 , p 2 , (q + p) 2 , £M^, ^M 2 W ) 
+ (p — ► r) + (p — > t) + (g — ► t, p — > r) + (q — ► p, p — > r) + (g — > p,p — > t)] 
+ ™ku [81Do(g^P^r^t^(g + P ) 2 ,( P + r) 2 ,M| SM ,M| SM ,M| SM ,M| SM ) 
+ D (q 2 , p 2 , r 2 , t 2 , (g + p) 2 , (p + r) 2 , £M 2 , £M 2 , £M Z , ^M 2 ) 
+ 2A)(g 2 , P 2 , r 2 , t 2 , (g + p) 2 , (p + r) 2 , ^M 2 ,, ^M 2 ,, ^M 2 ,, ^M 2 ,) 

+ (r ^t) + (p^r)]} . (33) 

These expressions are in general different from the ones obtained in the MSSM [eq. (§)]. 
However, they acquire the same structure as in the MSSM in the M40 ^> Mz limit by 
identifying the light CP-even Higgs-boson mass with the SM Higgs mass, that is, Mjj SM < — > 
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M* r ee ~ M 2 C 2 p . Consequently, the one-loop light MSSM contributions (ffl) converge to the 
SM ones (|33"D in the decoupling limit. For completeness, we concentrate in the following on 
the SM vertex counterterms by assuming the on-shell renormalization scheme. 



3.1 On-shell renormalization in the Standard Model 



The on-shell renormalization scheme for the SM has been presented in previous articles pO 



21, 1711) to which we refer for details. Here we need only the part for the Higgs sector renor- 



malization. The counterterms are derived from the Higgs potential ([H]), via multiplicative 
renormalization, 

v^Zy 2 (v-5v) } (34) 
and by expanding Zi — * 1 + 5Zi. We obtain the following one-loop counterterms, 
, r a> = St _ 2M ZCW MI SM 



M 



9 nsM t 1 g 



5r%] M = (q 2 -M 2 H )5Z v -5M 2 H , 

«rSL = -J^m 2 ( 5 z x - 5v 



= -m^T M *su5Zx. (35) 
with SMfl and St related to the original renormalization constants by 
5M 2 H = M 2 H ^-3^ + hz x - SZ^J + 5/i 2 , 

- = *L_W_i sz m 

* v M 2 Hsm 2 

In a first step, the counterterms St/t and 5Mfj are determined from two on-shell conditions 
in the Higgs sector: 

- vanishing renormalized tadpole diagram: 

Ar« SM = Ar« M + ^ M = o, (37) 

- the pole of the renormalized Higgs propagator lies at , which implies 

^ Hsm (M 2 Hsm ) = AT% m (M 2 Hsm ) + 5T% m {M 2 Hsm ) = 0. (38) 
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Solving these equations, we obtain 
St g 2 



t 128tt 2 c 2 w Mf 



{3 A (M 2 Hsm ) + A (£M 2 Z ) + 2 A (iM 2 w ) } 



SM 2 H = ^^^{[3M^h b J+M^z)+2MCM^)] 

+ M h sm ^ B o(M 2 Hsm ,M 2 Hsm ,M 2 Hsm ) + B Q (M 2 HsM ,£Ml £Mf) 

+2B (M 2 Hsm ,£M 2 w ^M 2 w )}}. (39) 

Next, we need a condition to fix the field-renormalization constant SZ^. The conventional 
on-shell condition would be to require unity residue for the physical Higgs-boson propagator, 
yielding 

= i^^^ff {^o(M^ M ,M| SM ,Ml s J + ^(Mi SM ,eMl,eMl) 

+2B' Q {M 2 HsM) iM 2 w ,iM 2 w )) 1 (40) 

which is different from zero. For our purpose of comparing the SM and MSSM vertex 
functions, however, this appears to be inconvenient because in the large Ma limit of the 
MSSM the Higgs field-renormalization constants vanish, as discussed in section |272|, and 
thus the external lines would carry different normalizations in the two models. It is therefore 
more natural to adopt for the SM a condition that leads to the same normalization and to 
require 

6Z V = 0, (41) 

instead of eq. PO]). This is possible because SZ V is a UV-finite quantity. With this condition 
we can compare the two models directly on the basis of the irreducible renormalized vertex 
functions. 

Unlike the previous ones, the 5v renormalization constant is determined from the gauge 
sector. We have checked explicitly that the result for 5v in the SM corresponds to the 
result for 5v in the MSSM whenever the M^o 3> Mz limit is considered and by identifying 
M h o <r-> Mh sm - Thus, the expression for 5v/v in the SM can be obtained from Q2"T| ) by simply 
replacing M h o by M HsM . 

Finally, 6Z\ is determined with the help of the relation (p6|) : 

)c 2 w s 2 w M 2 z B (0^M^^M^) 



3 

M l SM [$MM 2 HsM , M 2 Hsm , M 2 Hsm ) + 2B (M 2 Hsm ,£M 2 w , £M, 2 

c 



W ) 

2 



+ B q (M 2 Hsm ^M 2 ^M 2 )]-8^B 22 (M 2 ,M 2 Hsm ^M 2 
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— (1 - 2c 2 w ) [B 22 {M 2 W , M 2 HsM ,iM 2 w ) + B 22 (M 2 W , £M 2 Z , iM 2 w ) 

s w 

+ c 2 w {l-2c 2 w )B 22 {M 2 ^M 2 h iMl)}} . (42) 

The corresponding vertex counterterms follow immediately via substitution of the SM 
renormalization constants in (pop. The SM renormalized vertex functions are easily obtained 
by adding the one-loop contributions (|33|) and the corresponding counterterms fl35D -fl42"D. Re- 
member that the renormalized one-point SM vanishes in the present on-shell renormalization 
scheme. In addition, the renormalized two-point SM function also vanishes at the physical 
mass Mtf SM , but not at general q 2 . According to the fact that the renormalized Higgs boson 
self-energy evaluated at the physical mass-squared defines the Higgs-boson mass correction, 
we obtain trivially that AM^ g = (this is nothing else than the on-shell mass condition, 
which implies M 2 Hsm = M%™ 2 ). 

Together with the tree-level SM Higgs self- interactions (|32|) , the renormalized trilinear 
and quartic H^m vertex functions at the one-loop level can be written as 

p(3) _ 39 M 2 , - T/ (3)rem 

L RH SM ~ 2M z c w Hs ™ + SM ' 

r (4) _ 3g 2 2 ^(4) rem 

^ lvl Z c w 

where ^s2/ em and ^^ em are UV-finite functions depending on the external momenta. Re- 
member that similar finite terms were obtained from the light contributions in the MSSM 
case, summarized in ^mssm an< ^ ^mssm m ec l- (POD • F° r arbitrary M^o values, these fi- 
nite contributions are different in both models. However, for large M40 and by identifying 
M* r ee2 ^ MfCjg < — ► M 2 Hsm} we obtain that ^sTm — ► ^sm™ ( n = 3,4). Thus, these 
contributions coincide in the M A o 3> M z limit and do not lead to differences between the 
two models. 



4 Discussion and conclusions 

In order to study whether the SM Higgs sector can be considered as the low-energy effective 
theory of the MSSM Higgs sector in the M40 3> Mz limit we have compared the predictions in 
the two theories of the renormalized n-point 1PI Green functions for h° and ifsM, respectively, 
at the one-loop level, and for n — 1, ...,4. We have examined in full detail the veracity of 
the equality among these functions by comparing them at low-energy scales p 2 -C M 2 A0 and 



by choosing a particular renormalization scheme, the on-shell scheme. This matching [13| 
between the two theories, via renormalized vertex functions, can be summarized by 

( „) MSSM / (ri*\ SA4 / 

r ?!o (p) = ^ { rh sm (p), P«M A o (n = l,...,4) (44) 

where the left-hand side must be understood as the MSSM functions in the M40 ^> Mz 
limit. 
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It is worth emphasizing now some important points regarding this comparison of the 
vertex functions of the two theories. First, as stated in sections || and §, the tree-level self- 
couplings in both models [see eq. (|5]) and (p2[)] lead to equal results in the SM and in the 
MSSM vertex functions in the decoupling limit. This implies that the tree-level contributions 
can be dropped from both sides of the matching conditions fl4*4|). Second, as explained in 
section the subset of diagrams that have any number of gauge bosons in the loops gives 
the same contributions in the SM and in the MSSM (in the M^o 3> Mz limit) and, therefore, 
these can also be dropped from both sides of the matching conditions (f44|). In fact, these 
kinds of contribution have not been considered explicitly in the present computation. Third, 
diagrams involving just Goldstone bosons and the lightest Higgs boson in the loops do con- 
tribute with non-vanishing corrections which, in principle, are not the same in both models. 
However, we have demonstrated that the one-loop contributions, given in ([]) and ( |33"D in the 
MSSM and the SM, respectively, coincide in the M^o 3> Mz limit. Therefore, they do not 
contribute either to the differences between the two models in the matching conditions (|44| ) . 
In contrast, we found some light contributions to the vertex counterterms [see eqs. ( ^4|) 
and (^)-(^)] that are different in both models. These differences in the light sector come 
from the fact that, whereas the 5v/v contributions are the same in the SM and in the MSSM 
in the M^o 3> Mz limit, the other renormalization constants, that is, b~Z\ in the SM and 
5G 2 in the MSSM, do not coincide. The mass counterterms for the h° and Hsu fields do 
not coincide either. Thus, what we understand by light contributions in this work are also 
important in the differences between the renormalized vertex functions in both theories. 

Overall, we can say that the differences between the one-loop renormalized vertex func- 
tions of the two theories in the decoupling limit come, on the one hand, from the one-loop 
diagrams including at least one heavy MSSM Higgs particle and, on the other hand, from the 
vertex counterterms. Concretely, eqs. fllCf)- (|T3|) give the differences between the one-loop 
unrenormalized vertex functions of the two theories. Consequently, they cannot be dropped 
in the conditions Moreover, these different contributions have a finite piece that de- 

pends logarithmically and quadratically on the heavy Higgs-boson mass M^o and a divergent 
piece in D = 4, and both pieces summarize the potential non-decoupling effects of the heavy 
Higgs-boson sector of the MSSM. It is essential, however, that these heavy Higgs particle 
effects can be absorbed into redefinitions of the low energy parameters, thus not providing 
any physically observable effect [Q. As we have seen, the counterterms in the SM and in 
the MSSM are different in both models and therefore they also contribute to the differences 
between the two models in the matching conditions (|4"4|). 

Putting all results together and comparing eqs. (0) and (|43|) , the differences found in the 



unrenormalized vertex functions are exactly compensated by the AM^ contribution, and 
the final results for the renormalized 2, 3- and 4-point functions coincide in the two models 
in the large M^o S> Mz limit, as required by the matching conditions ([HI) . In other words, 
all the potential non-decoupling effects from the heavy Higgs modes can be absorbed into 
the redefinition of the lightest Higgs boson mass M h o [see eqs. (|27|) and (|3~0D l and therefore 
decoupling of the heavy MSSM Higgs particles occurs. We notice that, for arbitrary M40 
value, there are other finite terms in the renormalized MSSM n-point functions, summarized 
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by the remainder parts ^mssm anc ^ ^mssm °f ec l- (EED- However, we have shown that in the 
SM similar contributions appear in the renormalized H^m vertex functions, summarized by 
the remainder parts $gy rem and ^g^ 6 " 1 of eq. (0), which coincide with the corresponding 
MSSM terms in the large M^o limit. Therefore, these contributions drop out as well in the 
matching conditions (H). 

In conclusion, we have demonstrated that all the apparent non-decoupling one-loop effects 
from the heavy MSSM Higgs bosons are absorbed in the MSSM Higgs-boson mass M h o, and 
the remaining contributions are suppressed by inverse powers of M40 and therefore vanish 
in the large M^o limit. Thus, the h° self-interactions converge to the i?sM self-interactions 
at the one-loop level and in the M^o ^> Mz limit, and the MSSM h° self-couplings thereby 
acquire the same structure as the couplings of the SM Higgs boson whenever one identifies 
M h o <-»• Mh sm - Equivalently, we showed that the heavy MSSM Higgs sector decouples from 
low energy, at the electroweak scale, and leaves behind the SM Higgs sector in the Higgs 
self-interactions also. Consequently, we would need extremely high-precision experiments for 
the experimental verification of the SUSY nature of the Higgs boson self-interactions. 
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Appendix A. 

In this appendix we display, first, the formulas for the one-loop contributions to the H° tad- 
pole diagrams and the A boson self-energies that are required for on-shell renormalization. 
Next we present the O(M|/M^ ) contributions to the renormalization constants 5Zjj 12 , 
which are relevant in order to impose the y4°-boson on-shell condition. Finally, results for 
the Smi , 5m2, and bmyi mass counterterms are given. Here we follow the notation introduced 
throughout this article for light, mixed and heavy contributions, as explained in (|8|). 

• H° tadpole and ^4° boson self-energies: 

Arg, Usht = C w S w {3A (M 2 h0 ) + A (£Mf ) + 2A (£M 2 V ) } , 



M 



1 



--Ml 
2 z 



(6 - 12C^ + 4c 2 w ) + (3 - 9C%p + 2c 2 w ) ( A e - log — 



(a.i; 
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Ar 



(2) li S 1 
A° 



ht 



(M%>) 



128tt 2 c2 



{C% A (M 2 hO ) - (2 - SC^A^Mf; 



+ 2(Cf /J - 2c 2 w )A (iM 2 w ) - 2C% S%Ml B (M 2 A0 , M 2 h0 , £M 2 Z )} , 



Ar (2) mixcd /A r > 



A 



Mo) = 



^2) heavy ^ 
A" 



Ar:,: ' (m^„; 



n 2 / M 2 

■ M|(l + 2ct + 2CJ, - 2C 2 W ) A e + 2 - log * ! " 



6A7T 2 C 2 W 



9' 



64vr 2 c 2 ° 2/3 



C7 2 M 2 fc? 



M 2 



+ ^)^-log 



■SMio ( A e + 1 - log ^f) + Mf (1 - a 2 



2/3 y 



1 - 



/*0 



7T 

7! 



(A.2) 



and SZ H2 counterterms: 



^^mixed 



^heavy 



64vr 2 4 



C 2 p £2/3 



64tt 2 4 M 2 A0 
9 2 M\ 



M 2 C w S w B' {M 2 A0) M 2 h0) iM 2 ) 
+ cot/?(B + 25 1 )(M 2 o,M 2 ,£Mf)] , 
{(1 + 24 + 2(7^-2(7^) -cot (5C 2p S 2 p} , 



64tt 2 4 M% 



r<2 c2 
°2/3 °2/3 



l-^)+cot^ 2 ^( 2 -- 



54f 



Jz mixed 



^heavy 



64vr 2 4 



C 2 /3 ^ 



MlC 2/3 5 2/3J B;(M 2 o,M 2 ,eMl) 
-tan/?( J B + 2 J B 1 )(Mlo,M 2 o,eMl)] , 



Ml 



64vr 2 4 M 2 
M 2 



{{\ + 2c i w + 2C 4 w -2C 2 w )+t^pC w S w } , 



64tt 2 4 M 2 



^2 q2 

°2/3 °2/3 



2vr 
3^ 



) -tan/3C 2/3 S 2 3 ^2--^)} . (A.3) 



• 5mi , 5m 2 and <5m 12 counterterms: 



Sm 1 



2 light 



512tt 2 c 2 



(16l7 2/3 A (M 2 o) - 4C 2/J S 22 (M|, M 2 , £Mf )(5 - 2C 2/3 + C 4/3 ) 



- 2(1 - 24)^ 22 (M|,£M^,£M^)(-2 + llC 2/3 - 2C 4/3 + C 6/J ) 
+ 2A (ZM z )(-2 + 8c 2 w + (7 - 8c 2 w )C 2f3 - 2C 4/3 + C 6/3 ) 

+ A^M 2 W ){2 + 8c 2 w - 84 + (17 - 444 + 444)C 2/3 - 2(3 - 44 + 44)C 4/3 

+ 3C 6/3 — Ac 2 w C§p 

- 6AM 2 A0 M 2 z C 2 p C 2 S^B' (M 2 A0 , M 2 , £Mf ) } , 



KCep) + MM 2 z C 2 C 2 2 pS*B (M 2 A0 , M 2 , M: 



22 



5m 21ight 




{-8C 2 pA (M 2 ) + (2 + UC 2/3 + 2C 4/3 + C 6(3 )B 22 (M 2 Z , M 2 h0 , £M 2 Z ) 



+ (1 - 2ci) 2 (2 + HC 2/3 + 2C 4/3 + C 6/3 )B 22 (Ml £M^, £M^) 

- M 2 z C 2 (-l + C 8 p)B (M 2 A0 ,M 2 h0 ,M 2 z ) 

+ M 2 A0 M 2 z C 2 (C 8 p - l)B' (M 2 A0 , M 2 h0 ,£M 2 z ) 

+ 4A (£M 2 Z )(-C 2 (2 - 4c 2 w + C 4/3 ) + S 2 ) - 2A (£M 2 ,)(C 2 (3(1 - 2c 2 w ) 2 

+ (3 - 4c 2 w + 4ct)C 4/3 ) - 4(1 - 2c 2 w + 2c 4 w )S 2 ) } , 

5< lsht = - T ^rC' /3 ^{4C 2 2 /3 5 22 (Ml ) M, 2 o,eM|) 

+ 4(1 - 2c 2 w ) 2 C 2 w B 22 {MliM 2 w ^M 2 w ) - 2A (^M 2 )(1 - Ac 2 w + C 4/3 ) 

- A^M 2 W ){~\ - Ac 2 w + 4ct + (3 - 44 + 44)C 4/3 ) 

+ M 2 z S 2 4f3 B (M 2 A0 , M 2 , Mf) - M 2 A0 M 2 z S 2 4 pB' (M 2 A0 , M 2 h0 ^M 2 z ) } , (A.4) 

5m 2 r xed = M 2 Z sin 2 (3 (l + 24 + 2C^ - 2C*,) (a, + 3 - log ) , 

^2 mixcd = 32^- Ml cos 2 /? (1 + 2ct + 2C*, - 2C*,) (a, + 3 - log ^ , 
5m 2 r xcd = -^J^ Ml S 2/3 (1 + 2ct + 2C\, - 2C%) (a c + 3 - log ^f) . 
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OlHj 3 




-M* o (10 + 8c 2 . - C 2(3 (29 - 84) + 6C 4/3 - 3C 6/3 ) 




+ C 2/3 5^ Ml(9 + IOv^tt + {-2C W + C 4/3 )(-63 + lOv^vr)) 
+ ^Ml [126 - 484 + 2884 " 2(59 - 44 + 40c 4 w )C 2/3 
+ 484(-l + 24)C 4/3 - 3(19 - 84 + 164)C 6/3 




r 2 heavy 

om 2 




-M 2 (10 + 84 - C 2/3 (84 - 29) + 6C 4/3 + 3C 6/3 ) 
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r 2 heavy 
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- C 2p Sl p M|(9 + lOv^vr + {-2C W - C 4/3 )(63 - IO^tf)) 
-Ml [126 - A8c 2 w + 288<4 + 2(59 - Ac 2 w + 404)C 2/3 
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+ 484(-l + 2c 2 w )C i/3 + 3(19 - 84 + 16ct)C 6/3 
- 30C 8/3 - 15C 10/ j] (a £ - loj 

„2 



/*0 



2304tt 2 4 
2C 2 p M 2 



S 2/3 {l%M 2 A0 {l-ZC 2 w + 2c 2 W/ 



A t + 1 - log ., 



45 - lOv^vr - Cj,(63 - IOv^ti 
+ 9M 2 Z [2 + 5CJ, + 44 - 6^(5 - 24 + 44)] (a, - log 



Map 

t4 



Thereby, Sp = sin/5 , (7g = cos/3 , C 4/ g = cos 4/3 , C 6j g = cos 6/3 , C$p = cos 8/3 , etc. 
for abbreviations. 



(A.6) 
are used 
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